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Abstract

We discretize some notions of the theory of asymptotic nets and of the theory of transformations
of asymptotic nets. These are the Lelieuvre formulas, the Moutard equation, the Moutard transfor-
mation, the Weingarten congruences and the Jonas formulas. It allows us to extend the theory of
reductions of the discrete version of the Darboux system, applied primarily to multidimensional
guadrilateral lattices, on the theory of discrete asymptotic nets which in turn is helpful in a dis-
cretization of some classical differential nonlinear integrable systems of physical interest, e.g. the
Ernst equation and the stationary modified Nizhnik—Veselov—Novikov system (in form which we
call the Fubini—-Ragazzi system). © 2002 Published by Elsevier Science B.\V.
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1. Introduction

To a given nonlinear completely integrable system of differential equafomse can
relate many systems of difference equations which become the differential system when
appropriate limiting process is applied. It is natural task to isolate (from this set of systems
of difference equations) a system of difference equatidfishat exhibits the integrability
features like existence of a Lax pair, a Darboux—Bécklund transformation and a permutabil-
ity theorem. Such a systefS of difference equations we call discrete versiomf the
given systens.
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The discrete version of the classical Darboux system [11,13,18,19], which is often re-
garded as a master equation of the theory of nonlinear integrable systems, has been proposed
recently [8]. Moreover, the theory of integrable reductions of the Darboux system [49,50],
which contains the theory of reductions of transformations of the Laplace equation, is sys-
tematically being extended on the discrete case [10,13,17,32,36] and our paper belongs to
this stream. It was shown in [15] that conjugate nets (see, e.g.[11,13,18,19]) governed by the
Darboux system have a discrete counterpart, the so-called multidimensional quadrilateral
lattices governed by the discrete version of the Darboux system. The theory of integrable
reductions of the discrete version of the Darboux system (and transformations of the Laplace
equation) has been applied to the multidimensional quadrilateral lattices [10,13,17,32], but
the theory can be applied to geometric objects different from conjugate nets and their dis-
crete counterparts (multidimensional quadrilateral lattices) for instance to asymptotic nets
and their discrete counterparts (the definition of asymptotic nets and discrete asymptotic
nets will be given in Section 2). That is why we find interesting to discretize some notions
of the classical differential geometry which concerns the asymptotic nets. The main result
of the paper is a discretization of Jonas formulas [27] (Sections 9 and 10) which in turn is
helpful in a discretization of some classical integrable systems of physical interest.

Our goal is to discuss these aspects of (discrete) asymptotic nets that are responsible for
integrable phenomena. Therefore besides the Jonas formulas we discuss in Sections 3—6 a
discretization of the Moutard transformation [40] and Lelieuvre formulas [31] (Theorems
3 and 4 and Remark 5 develop some ideas of the papers [31,40]) and also we introduce in
Section 8 the notion of discrete tangent canonical fields of a discrete asymptotic net. Two
special classes of the discrete asymptotic nets have been widely discussed so far. These are
discrete analogs of surfaces with constant negative curvature (the soKadledaces, see
[5,16] and references therein) and discrete analogs of affine spheres (see [7,6,45]).

To show you our physical motivation let us recall that it was considerations on asymptotic
nets and their transformations which reveal (among others) the following integrable systems.

1.1. Fubini-Ragazzi system

By the Fubini-Ragazzi (or isothermally asymptotic [22,24,29,41]) system, which can
be related (see [21]) to either modified stationary Nizhnik—Veselov—Novikov or station-
ary Nizhnik—Veselov—Novikov (see also [25,30,37,46,48]), we understand the following
system:

(—au + 36?4+ pb+ p.y).v = 2pqu + AP,
(—=by + 3b* + 92+ q.u).u = 20py + PQ.v,

a,U = b,uv (log£> = O? (1)
97 w

wherep, ¢, a andb are real functions of both parameterandv. This system was pri-
marily introduced by Fubini [23]. A Darboux—Bé&cklund transformation and superposition
principle were obtained by Ragazzi in the paper [41] (see also [22,24,29]). This justifies
our terminology.
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The system (1) is of interest for, as we have already mentioned itis related to the stationary
modified Nizhnik—Veselov—Novikov system, secondly, it is a generalization of the Tzitzeica
(Dodd-Bullough) equation. Indeed, on rescaling the paramgtersf (u), v = g(v) (the
tilde will be omitted) one can reduce the last equation of Eq. (1) to the condition

P=4q, 2
due to third equation of (1) we can introduce a potentiauch that
a = ﬁ’L[ b = 7.9,1), (3)

and then the reduction

p=e’ (@)
cause that system (1) is reducible to the Tzitzeica equation

S =ce’ —e?, (5)

wherec is a constant of integration. The discrete version of the Tzitzeica equation (5) has
been proposedin [45] (cf. [6,7]). Anintriguing link between the Tzitzeica equation (discrete
version of Tzitzeica equation) and self-dual Einstein spaces via permutability theorem for
the Tzitzeica equation (discrete version of Tzitzeica equation) was established in [44,45].

The considerations contained in the present paper have allowed us to find a discrete
version of the Fubini—-Ragazzi system. A detailed discussion of the discrete version of the
Fubini-Ragazzi system is beyond the frames of this article. However, in Section 11, we
argue that the discrete version of (1) is

A2y _ Bay A2oH
= , A+B—-0)+0wCp — Dy =0,
AHp)  BHq A2 H) wr@ = E
BanH
m(l—i- A—P)+ PoDa —Cp =0,
Ba1 A B A@
H(o (%T) OP) = Hey (B_%)> <0, (6)
@/ (12 @ 12

where a subscript in brackets denotes the increment of the parameter, for instance
flmi,ma)ay = f(m1+ 1,mp), f(m1,m2)e = f(mi,mz+ 1), f(m1,m2)azy =
flmy+ 1, mp+1), f(my, mp)—1 = f(m1— 1, mp), etc., the symbod> stands for the
following operator:
Fo= faza f
fafo'

and the function&” and D are defined by

A | BoyyPo By  A2Qu
Ci=1+2-9 4 2@ D:=14+-2 4 2@¥D
tw T tw T H

while H is given by
H:=1-— P2 0. (8)

(7)



262 M. Nieszporski/Journal of Geometry and Physics 40 (2002) 259-276

1.2. Bianchi-Ernst system

The Euclidean Bianchi—Ernst systge = 1) or the Minkowski Bianchi—Ernst system
(e = —1) is the following system of differential equations on real functidfs N1, N of
real parameterg andv:

(NO),UU _ (Nl),uv _ (NZ),UU
No - N1 - N2

: (9)

N-N=U@u)+ V@), (10)
whereN = (No, N1, N2) and dot stands for the scalar product
N - N = (No)* + e((N)? + (N2)?).

The system (more precisely its Euclidean case) was introduced by Bianchi in [2,3] (see
also [39]) and describes the so-called Bianchi surfaces, a generalization of mentioned
K-surfaces. It was Bianchi, who found a Darboux—Bé&cklund transformation and super-
position principle for solutions of the system (9) and (10). That is why the system takes its
name after Bianchi. The name of Ernst appears due to the fact that in the Minkowski case
(e = —1) on definings; = N;/«/r (Wherer = N - N), making stereo-graphical projection

ni+ino
- , 11
§="17 o (11)
and finally changing independent variables
u=p+iz, v=p—iz, (12)

we come to the Ernst equation

(68— 1) (£ + a2t “L8, + 26) =266, + 6D rpp+raz=0.
(13)

This observation would appear in several papers [33,43,47] just after the result by Bianchi
was revised [9,35]. Let us recall that every solution to Ernst equation describes an axisym-
metric stationary vacuum Einstein field [20]. This is another reason why we find interest-
ing to take up the subject of discretization of asymptotic nets (it yields hints toward the
discretization of the Bianchi—Ernst system).

A discrete version of the system (9) and (10) (as it will be shown in the forthcoming
paper [14]) is the system on real functioNg, N1, N» of integer parameters; andm»

Noa2+No  Niap+ N1 Noap + N2
Noay + Noz  Niay + N1y Ny + Noy'

(14)

(Naz + N) - (N + Nezy) = 4U (m1) + 4V (my). (15)
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2. Asymptotic netsin the affine space A® and their discretization

We start from basic definitions. By regular netin the affine spacet® we understand
the image\ of an open subséf of R? under the diffeomorphism

xR U —> N C A3, U>s @, v)>peN (16)

together with a natural structure of lines distinguished by this map, i.e. with two one-parameter
families of curves the first one consisting of the curves const and the second one con-
sisting of the curves = const. The curves we shall c#lfie lines of the nefA regular net

we call anasymptotic neif at every pointp of the net we have: osculating planesabf

the two lines of the net that pass througtcoincide. It means that at every point of the
asymptotic net we have (in the whole papeér, v) stands for the radius vector of the net)

7,uu=a7,u+]77,v, ?,vv:q;,u +b7,vo (17)
From the equality’ yuwy = 7 yyuu, We obtain that the functions, b, p andg satisfy (pro-

vided that at every point of the n¢ ,; 7.,; 7.y} is a basis) the differential constraints
(compatibility conditions)

(—au + 3a® 4+ pb+ py).» = 2pq + AP,
(—=by + 3b* + 92+ q.u).u = 20Py + PY.,
ay = b,u =a=17,, b= ﬁ,v- (18)

Since Egs. (17) are invariant with respect to affine transformations of the space they can be
used to discuss the asymptotic nets in the affine geometry.
By aregular discrete nein A3, we understand the image @f under the map

x: 7% > AS, 72 > (my1,mp) — p € A3 (29)
together with:

e structure of discrete lines distinguished by this map, i.e. lings= const andmy =
const the so-calledliscrete linef the discrete net;

e a regularity condition: point®, R and Rz, are not collineal R (m1, mz) stands for
radius vector of the discrete net).

A discrete net we cal discrete asymptotic néseeSchmiegliniennetzi [42]) if the
plane through the pomtB(ml, m2)(~1), R(ml, ma), R(ml, m2)(1) (the osculating plane to
aline from the first family of lines at the pouﬂt(ml, m2)) coincides with the plane through
the p0|ntsR(m1, m2)(—2), R(ml, m2) R(m1, m2)2) (the osculatmg plane to aline from the
second family of lines at the pomR(ml, my)) at every p0|ntR(m1, my2) of the net. Note
that discrete asymptotic nets are the exceptional case (among other discrete nets) when a
tangent plane to the point of the net is well defined.

From the definition of discrete asymptotic nets we can write

E(ll) - ﬁ(l) = A(ﬁ(l) —R)+ P(ﬁ(lz) - 15(1)),
Ro2 — R = B(R2) — R) + Q(Raz — R) (20)
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or

. . Ao - . P By - .
Ra1a — Rap = %(R(H) — Ro) + %(R(lz) — Ry,

OnAwQ = -
M(R(m) — R, (21)

- - B(l) - -

R221 — Rap = F(Raz) — R +
whereH is given by Eq. (8). The equalitﬁ(llga = 13(221]) gives the following compati-
bility conditions (provided thaf(R1) — R), (Ri2) — R), (Ra2 — R)} form a basis at every
point of the net)

Az Buy AeaH
= , A+B-0)+0wCp — Dy =0,
AH@z)  BH(q A H( L@ @
B
&(1 +A—P)+ P(z) D(l) C(z) =0, (22)
BwyHq)

whereC and D are defined by Eq. (7).

3. Lelieuvreformulas. Asymptotic netsin equi-affine space eA®

Let us enrich the affine space with volume foxfl (by Vol*, we denote the dual form
of Vol). It enable us to construct cross-product from ordered pair of linearly independent
vectors (saya, b)) i.e. elementV e T*eA such thatN|d) = 0 = (Nlb) and(N|&) =
Vol{a; b; ¢} for everyé e TeA. The following theorem provides a linear procedure of
constructing asymptotic nets.

Theorem 1 (Lelieuvre [34]).

1. If an asymptotic nef(u, v) is given and if a conormal field(u, v) to the net respects
condition Vot (i1; i1 ; i1,») # O then there exists a conormal fieMi(x, v) such that

A

Nuw = fu, v)N, (23)
=N, xN, Fo=NxN,. (24)

2. LetN = [Np, N1, N2] is a solution tq23) obeying VOl(N; N.,; N.,) # 0. Theni(u, v)
obtained from(24)is a radius vector of a regular asymptotic net

The formulas (24) are called Lelieuvre formulas. The Lelieuvre formulas are invariant
with respect to equi-affine transformations of the space and therefore can be used to discuss
asymptotic nets in equi-affine geometry.

On using the Lelieuvre formulas Egs. (17) and (23) take the form

N

N,uu=611<’,u—1?1<7,v+)/1\7, N,vvz_qﬁ,u +b1\7,v +8N5 N,uv:fl\?~
(25)
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Compatibility conditions of (25) are Eq. (18) together with
Yy =Pyt py, §=qu+q0u, f=7uw+pa (26)

4. TheMoutard equation and the M outard transformation

In connection with the previous section we pay our attention to the equation
N.uw = FN, 27)

which is callecthe Moutard equatiomand is a member of a class of the Laplace equations
with the equal Laplace invariants (see, e.g. [1]). From the point of view of integrable systems
the most important is that the form of the equation is covariant under the folldMangard
transformation[38]. Let a function® will be given. Then transformatioN — N’ given
by

(N'®),=NO, - N,0, (N'®), =—-NO_,+N,O (28)

is an invertible map between the solution space of Eq. (27) and the solution space of an
equation

N/,UU = f/N/v (29)
where
O w , (1/0).w
= —, = — 30
=% 1= (30)

If we take three solutionsNg, N1, N2] to (27), we obtain after a Moutard transforma-
tion a three solution¥, N3, N;] to (29). Owing to the Lelieuvre formulas we receive a
transformation between asymptotic nets (cf. Section 7).

The question arises what is a discrete version of the Moutard equation? The permutability
theorem for the Moutard transformations in its classical form [4,22] reinterpreted as a
integrable difference equation (see [45] and references therein) suggests that a discrete
counterpart of the Moutard equation is

Naz — N = f(N@ — Ne), (31)

and in the paper [40] Eqg. (31) is treated as a discrete version of the Moutard equation. But
we can straightforward modify (as it was suggested to me by Doliwa) the classical Moutard
transformation.

Theorem 2. Leta solution of the Moutard equati¢d7) N and its two Moutard transforms:
the first one denoted by (superscript instead of prim®’ in formulas(28)!) governed by
(28)with function®® instead of functio® and the second one denoted®{? governed

by (28) with mutually interchanged parametens <> v, with function®®@ instead of

function®, are given. Then functiov 12 given by

N = N4+ — (N® 4 ND), (32)
%
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wherev is given by the quadratures

V= @(2)@(1)# _ @(1)@(2)!1“ T _@(2)@(1),1) + @(1)@(2),1)
is solution of Moutard equation

N2 pa2 N2,

where

f(12) =f+v <}>
v/

The proof is analogous to the classical one. So Eq. (32) suggests that the Moutard equation
is

1
+-0?,0%,-00,6?,)

Naz + N = F(N@) + Na)). (33)

As we shall see either Eq. (31) or Eqg. (33) can be treated as a discrete version of the Moutard
equation and both are useful in the construction of discrete asymptotic nets.

5. Discrete Moutard transformation and discrete M outard equation

We start our discrete considerations from recallingdiserete Moutard transformation
which one can find in slightly modified form (suitable for Eq. (31)) in [40]. Namely, one
can by direct calculation see that transformatdr> N’ given by

A(l)(N/@) =NAyp® — OAN, A(z)(N/@) =0OAN — NApO (34)

(whereA) f = fi) — f) maps from the solution space ofdéscrete Moutard equation
(33) into solution space of another discrete Moutard equation

N(/12) +N' = F/(N(/l) + N(/z)), (35)
where
C) e 1/ 1/
_ Baxy + ’ Pl (1/0)a2 +1/ . (36)
O + O 1/0)q) + 1/0)

So we have to our disposal a transformation which exhibits integrable features.

We can introduce for the discrete Laplace equatlery + a1y + By + yy¢¥ =0
(Ly = 0 for short) which is form-invariant under the gauge— (1/A(12)L(Av) the
following invariants of the gauge:

_ 212 Y k= Baa v

h , .
QY12 B va2

The choice of invariants was inspired by the fact that gauge independent characterization
of the discrete Moutard equationis= % just like in the continuous case. Either Eq. (31)
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or Eq. (33) satisfy this condition. The discrete version of the theorem (2) (independently
found in [12]) is the following theorem.

Theorem 3. Let a solution of discrete Moutard equati@B) N and its two transforms: the
first one denoted by ™ governed by34) with function®@® instead of® and the second
one denoted by @ governed by34)with mutually interchanged parametgf$ <> 2) with
function®@ instead of®, are given. Then functiov 12 obtained from

oL@
NI = N+ ———(N@ 4 ND), (37)
Vv

wherev is given by

— 020 D@
Aqv =06 @( AR

— @0 1) 5@
a° Ay =—-06 @(2) + OeE

@
is solution of the discrete Moutard equation

N(lz) +N(12) F(lZ)(N(12) ((;-)2))

where

Vv
F12 _ 'OV
Va2V

6. Discrete Leieuvreformulas

Let us consider a vecta¥ = [No, N1, No] of T*eA® components of which satisfy the
discrete Moutard equation (33)

N(]_Z) +N = F(N(;U + N(z)). (38)
Hence, we have

(Naz + N) x (Nay + Ne2) =0, (39)
and after some calculations we obtain

A (AN x N) = Aqy(N x A N). (40)
From the above we infer that there exists veétsuch that

AwF=AqN x N,  Api=NxApN. (41)

In analogy to the continuous case we call Eq. (41) discrete Lelieuvre formulas for as it
is easy to show the vect@rcan be interpreted as a radius vector of a discrete asymptotic
net. Indeed ifr describes a net obtained from (41) (it is assumed that (38) holds) then
(N|A(1)r) =0= (N|A(2)r) and in this sens& is conormal to the net. For any fieid
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proportional toN, we have

(| A@yr) =0, (ilA@r) =0, (AwilAwr) =0, (A@hlAgr) =0,

(42)

The conditions (42) are equivalent to condition thak ), 72), 7, 7, are coplanar
and hence the discrete net is asymptotic. Inversely, i% a cfiscrefe asymptotic net is given
then one can find the discrete conormal figldsuch that (41) holds. Indeed, if a discrete
asymptotic net is given then (42) holds and we infer thatr = sAyi x 2 andA ) F =
th X Aeyn. From the equalitiewA(l)A(z)?) = (ﬁ|A(2)A(1)}7> and (ﬁ(12)|A(1)A(2)7) =
(ﬁ(12)|A(2)A(1)7>, we infer that

s28 = 11t (43)
provided thatvol*(ii(1y; 12; 1) # 0 # Vol (n(p); fi(1z); 7). It means that there exists
potentialr such that = r(yr andr = rr. On introducingV = rii we come to formulas
(41). Hence we have the following theorem.

Theorem 4 (Discrete Lelieuvre formulas).

1. If the asymptotic net is given and if a discrete conormal field of the neespect the
conditions Vol (7 (1); n12); 1) # 0 # VoI (ii(2); fi(12); ) then there exist a conormal
fieIdAAAI such that Eqs(41) and(38) hold. A A A A

2. LetN = [No, N1, No]is solution ta38)obeying VGl (N(1); N(12); N) # 0 # VoI (N(2);
1\7(12); N). Then# obtained from(41)is the radius vector of a discrete asymptotic.net

Remark 5. Since Eq. (43) is quadratic we have an alternative way of description of discrete
asymptotic nets. Namely, we can take: r1yr andt = —r(zr. Then the discrete Lelieuvre
formulas take the form

A(1)7 = A(l)I\A/ X ]\A/, A(2)7 = A(Z)I\Af X ]\Af, (44)
while the Moutard equation is
N(]_z) - N= I:"(]\A/(l) — N(z)). (45)

Note that formulas (41) have more natural continuous limit than formulas (44).

Using discrete Lelieuvre formulas (41), we can rewrite Egs. (20) and (38) as
Nay — Nay = ANy — N) = P(Nap — Nwy) + v N1,
N2 — Ny = B(N@ — N) — Q(Naz) — Ni) + 8Nz,

N(lz) + N = F(N(l) + N(z)). (46)
Compatibility conditions of (46) give Eq. (22) together with
A B c
FFq =—-2, =2 =—1-A—-P+—,
®=AH @ = BH 4 T Fo
D
§=—1-B-Q0+ — (47)

Fo)'
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7. Weingarten congruences and their discretization

By a (rectilinear) congruencén A® parameterized by coordinatés v), we understand
imagek of an open subséf of R? under the diffeomorphism

RO U — K C LA, U>s@u,v)— pek, (48)

wherelLA® denotes the set of all straight lines 4f. We restrict ourselves to congruences
such that for every € K there exists exactly two developable surfaces built of the lines of
the congruence which pass throughrlhe curves of regression of the developable surfaces
lie on twofocal surfacesA map between the two focal surfaces via lines of the congruence
is calledfocal map(cf. [22]).

Remark 6. By definition lines of a congruence are tangent to both focal surfaces.

An asymptotic net that lie on a focal surface of a congruence weacabkymptotic focal
net A congruence for which an asymptotic focal net under the focal map is an asymptotic
focal net again is calle@/eingarten(or W-)congruencesWe use only asymptotic parame-
terization of W-congruence, i.e. parametersv) imprint asymptotic nets on focal surfaces
of the W-congruence. We have the following theorem.

Theorem 7 (Guichard [26,51]).

1. Let an asymptotic nel/ is given and let\ is asymptotic net obtained frol via a
Moutard transformation. Then there is a rigid motion\df such that\" and A/’ become
asymptotic focal nets of a W-congruence

2. Let a W-congruence is given. There exist a Moutard transformation which maps one
asymptotic focal net of the W-congruence to the second asymptotic focal net of the
W-congruence

We refer to [22] for proof.
On the discrete level one can defindiscrete congruencia A2 by injective map

x 1 7% — LA, 725 (m1, m2) — p € LAS, (49)

but is there an analog of focal nets, is this the right analog of continuous congruence?
Doliwa and Santini [15] proposed to add condition that two consecutive lines of the con-
gruence intersect. This allowed them to establish a discrete analog of mapping between
conjugate nets and it seemed to be discrete analog of focal mapping. In what follows
we propose the notion of discrete Weingarten (or W-)congruences which does not fit
to Doliwa and Santini scheme (the discrete W-congruences are not special case of the
congruences proposed by Doliwa and Santini). The crucial observation is the following
remark.

Remark 8. Let us replace® and N’ in formulas (34) by®™ and N (superscript!),
respectively. Let us replag@ and N’ in formulas (34) with interchanged indices <> (2
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by ©@ andN @, respectively. We also introduce operatdf’ by A f = @ — £ Then
a consequence of the discrete Moutard transformation (34) is

ADF = AOK « N+l A7 = N x ADR +¢2, (50)
wherec! andc? are constant vectors.

One can easily achieve above result by the subsequent cross multiplication of both sides
of discrete Moutard transformation (34) Y, N(1), N2, NO and N®. From equa-
tions obtained in this way one can infary) AD7 = Aq)(ADN x N), A ADF =
A(ADN x N), Ay ADF = —A ) (AP N x N) andA o ADF = —A (AP N x N)
and in result (50).

By rigid motion of transformed net& Y and\/® we can achievé® = 0 = &2

ADF = ADN x N, APF=Nx A@N. (51)

The vectorr® — 7 lies in the tangent planes of n&f and V@ at points” and7 V. So, by
analogy to the continuous case we define discrete W-congruences.

Proposition 9 (Discrete W-congruences).et two radius vectors of discrete asymptotic
netsr and7) are related by one of the formulg51) ( = 1or2). A discrete congruence
that every line (m1, m») passes through the poinkgm1, mo) and 7 (m1, my) is called
discrete Weingartefor W-)congruence

On applying permutability theorem for discrete Moutard transformation to the discrete
conormal fieldV, we build from a given point an asymptotic net (superscripts are thought
to be shifts). Indeed, from (37) we gg¢ 12 + N) x (N® + N@) = 0 and (51) are just
Lelieuvre formulas.

Finally, we would like to mention that rectilinear congruences as two-parameter sub-
sets of line geometry are represented by surfaces (nets) in the Plicker—Klein quadric.
W-congruences parameterized asymptotically are represented by conjugate nets in the
Plicker—Klein quadric [19]. In the paper [12] it was proved that discrete W-congruences
proposed in our paper are represented by two-dimensional quadrilateral lattices in the
Plicker—Klein quadric.

8. Tangent canonical fieldsand their discretization

Let us introducehe tangent canonical field& andZ of the asymptotic net

- -
-

W=e"%,, Z=e"F,. (52)

These fields are tangent to the net and moreover, Eq. (17) takes especially simple form

-

W,u = PZ, Z,v = qV_V (53)

These are equations of linear problem of bi-component KP hierarchy what justifies our
interest.
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As in continuous case we introduttes discrete canonical tangent fieldsandZ of the
discrete asymptotic net

Raz — R = aW, Raz — Ray = BZ, (54)
where functionsr andg are defined by
Ba A

B = 7) . o = #a. (55)
Now Eq. (20) in terms of field$/ andZ are
ApW =PZ,  ApZ=9W, (56)
where
p=feluf 45 _Lwiax (57)
Ap) « Ba) B

9. Jonasformulas

In 1920, Jonas [27] published a supplement of the theory of transformations of asymp-
totic nets. It allowed him to find a few system of differential equations which posses the
Darboux—Backlund transformation and superposition principle for solutions [27—-29]. Here,
we recall the Jonas formulas and we discretize them in the next section.

Let an asymptotic net is given by Lelieuvre representaiiof23) and (24). We have the
natural basigN; ]\A/,u; N,U} at each point of the net. Let us split the Moutard transfofin
of N into components with respect to the basis

ON' =x*N, +x*N, +x°N. (58)

On inserting (58) into the Moutard transformation (28) due to factgNatV,; N.,} is a
basis the coefficients’ have to satisfy the following system:

3 X1 =y 0 -1 X1 —-®
™ X2 | = D 0 0 x |+] 0 |,
u
L X3 | __(P,v +pd,) —(Pq+d.w) O X3 o,
5 [ x17] 0 0 q 0 X1 0
™ X2 | = 0 -0y -1 x2 | + e . (59)
_x3_ __(pq+l9,uv) _(q,u +q19,u) O X3 _@,U

The above system is compatibfefunctionsp, ¢ and? satisfy the differential constraint
(18) and® , = (pg+ ?.uy)® (compare (30)). The covectdt’ satisfies Eq. (25), but with
new functionsp’, ¢’ and®’ which are related to the old ones via

0
€

t / A
p'=-p +x—, q' =—q+x1—, e’ =const—= (60)

A A 62’
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where
§=0 w—a®, + pO, — (pb+ p,)O,
t=0,,+¢0,—-b0,—(da+q,)O,

A=x10 4 + x20 , + x30. (61)
Direct calculations show that

Ay = xls, Ay = x%t, (62)

tu=0S Sy =pt (63)

As it was shown by Jonas [27] to construct a second focal surface of W-congruence from
the first one it is sufficient to find a solution of

X2u = PX, X1,y = OX (64)

these are the two of Egs. (59). Let us draw your attention that in fact we have to find an
additional solution of the equations of tangent canonical fields.

10. Discrete Jonas formulas

We extend the consideration of the previous section on the discrete leveV!’ Lt a
transform ofV under the discrete Moutard transformation. On decompagingth respect
to the basigN; Nqy; N2y}

ON’' =xl]\A/(1) +x2N(2) +x31\7, (65)

we obtain after substitution into discrete Moutard transformation that coeffigigrgatis-
fies the following system (analogue of (59)):

x(ll) = —% <%X2 +x3+ @(1)> ) x(sl) +(+1+A+ P)x(ll) =xt—x?-0,
xfy = Py = %xz’ (66)
> 1(1, 4 . L
=73 (fx +x7 - @(2)> , Xy +@+1+B+0)xp =x"—x"+06,
3~ Q) = %xl- (67)

One can show that covectdt’ satisfies the primed analogue of (46) and primed functions
are related to non-primed ones via

Sx2\ & TxM\ ©
P’=<—P+—x—) —a2 Q/=(—Q+—x—) —2
L F ) ®ay L F ) ®qy
s 2] T e
A =A(1+ x| =—. B =B(1+x% ) —, (68)
L Oy L O(22)
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where

S=0uy —(y+1+A+P)Oq + AO + PO,
T=0p)—0B+1+B+ Q)00 + BO 4+ 0012,

L=x'0q) + x200) +x%6. (69)
Direct calculations shows that (analogue of (62))

AL =xS.  AgL=xT. (70)

Ty = FoT + QuwFws, S@ = FuS+ P FoT. (71)

On defininga" andg" via

By =FaB".  ap =Foa, (72)
and introducing
S T
S:= o = ik (73)

Eqg. (71) take the form (analogue of (63))

Q) Fa " P2 Fo) B"
AT = =25 ()T ; AgS= -2 ()ﬁ—uT (74)
Foy B Fo «o
Let us rewrite the third equation of (66) and (67) in the form
1 1, Q0 o2 2 1 2, P2 1
X = Xy + X5, X = —Xx5H + ——Xx,. 75
(12 HF 1) D HF 2 4] (12 HF 2 () HF 1) D (75)
On introducing
1 2
X X
w = (—T), .= (—?), (76)
a B
where functions:' andg' are defined by
1 1
[ I I [
==h, = : 77
ﬂ(l) HF(Z) ﬂ Ol(z) HF(l)Ol ( )
we can write Eq. (75) in the form
Py F2 o OwFa !
Agz = FRf@ @ Agw = 2O wh . (78)

Fay B Fg o

Itis easy to see that owing to fact thiitande!' are given up to multiplication by function
of single variable, i.ea! — a'g'(m») andp' — ' f'(m1) (see (77)), Eq. (78) can be put
in the form

Az =Pw, Apw = Qz. (79)
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Indeed, it is enough to observe that

P P | |
& =1 =U \% ,
((P<2)F(2)/F(1))(Ol'/ﬂ')) - ((P<2)F(2)/F<1))(Ol'/ﬂ')> (m) V- (m2)

Q Q I I
& =1 =U 1% ,
((Q(l)F(l)/F(Z))(,Bl/aI)> - ((Q(l)F(l)/F(Z))(ﬁ'/a')) (my) V= m2)

P Fo) Qo Fuy PQ  U'mpV'ima)
Fo  Fo P2 Qq UV (mp)

hence on setting' (m2) = 1/V'(m2) and f'(m1) = U'(m1), we obtain (79). Therefore
functionsw andz and components of discrete canonical fields satisfy the same equation
(compare Egs. (56) and (79)) just as in the continuous case fungt@mdx, and compo-
nents of canonical fields satisfy the same equation (compare Eqgs. (53) and (64)).

PO = P20 = 1, (80)

11. Thediscrete Fubini—-Ragazzi system

We apply results from the previous section to obtain a discrete version of the Fubini—
Ragazzi system (1). Namely, one can interpret the equations of the tangent canonical fields
(53) of an asymptotic net and the discrete tangent canonical fields (53) of a discrete asymp-
totic net as equations of tangent vectors of two-dimensional conjugate net and quadrilateral
lattice, respectively (see, e.g. [17,18]). Therefore one can apply theory of reductions of
developed for conjugate nets [49,50] and quadrilateral lattices [10,13,17,32]. In the re-
cent paper [17] Doliwa and Santini have introduced the notion of symmetric reductions of
discrete multidimensional quadrilateral lattices.

Since symmetric reduction (see [17]) imposed on the tangent canonical fields (53) of an
asymptotic net, i.e.

(Iog£> =0
4/ uw

together with compatibility conditions of the asymptotic net (18) gives Fubini-Ragazzi
system (1) we conclude that symmetric reduction (see Proposition 4.8 of paper [17]) imposed
on the discrete tangent canonical fields (56) of a discrete asymptotic net

oP _Ho
Q Hy
together with Eq. (22) gives the discrete version of the Fubini-Ragazzi system (6). The
Darboux—Backlund transformation of the discrete Fubini-Ragazzi system was established
by us so far. Since we are preparing the extended exposition of the Fubini-Ragazzi system
and its discrete version we are hanging up the discussion at this moment.
As we have suggested the theory of reductions of the lattice Darboux system [8], which
was applied primarily for quadrilateral lattices [10,13,17,32], one can extend for theory of

discrete asymptotic nets. In particular, others classical integrable systems [24,27,28] can be
discretized in this way.



M. Nieszporski/Journal of Geometry and Physics 40 (2002) 259-276 275

Acknowledgements

First of all | would like to thank Adam Doliwa for his help on every level of preparing this
paper. | also thank Professor Paolo Santini for some useful discussions. Itis also good place
to thank Professor Antoni Sym for introducing me into the zoo of integrable geometries
and to Jan Cigihski for all support he gives me.

References

[1] C. Athorne, On the characterization of Moutard transformations, Inverse Problems 9 (1993) 217-232.
[2] L. Bianchi, Sopra alcune nuove classi di superficie e di sistemi tripli ortogonali, Ann. Mat. 18 (2) (1890)
301-358.
[3] L. Bianchi, Sulle varieta a tre dimensioni deformabili entro lo spazio Euclideo a quattro dimensioni, Mem.
Soc. It. Delle Sc. 13 (1905) 261-323.
[4] L. Bianchi, Lezioni di Geometria Differenziale, Enrico Spoerri, Pisa, 1903.
[5] A.l. Bobenko, U. Pinkall, Discretization of surfaces and integrable systems, in: Discrete Integrable Geometry
and Physics, Clarendon Press, Oxford, 1999.
[6] A.l. Bobenko, W.K. Schief, Discrete indefinite affine spheres, in: Discrete Integrable Geometry and Physics,
Clarendon Press, Oxford, 1999.
[7] A.l. Bobenko, W.K. Schief, Affine spheres: discretization via duality relations, Exp. Math. 8 (1999) 261-280.
[8] L.V. Bogdanov, B.G. Konopelchenko, Lattice agedifference Darboux—Zakharov—Manakov systems via
3-dressing method, J. Phys. A 28 (1995) L173-L178.
[9] B. Cenkl, Geometric deformations of the evolution equations and Backlund transformations, Physica D 18
(1986) 217-219.
[10] J. Cieslinski, A. Doliwa, P.M. Santini, The integrable discrete analogues of orthogonal coordinate systems
are multi-dimensional circular lattices, Phys. Lett. A 235 (1997) 480-488.
[11] G. Darboux, Le cons sur les Systemes Orthogonaux et les Coordonnées Curvilignes, Paris, 1910.
[12] A. Doliwa, Discrete asymptotic nets and W-congruences in Plicker line geometry, J. Geom. Phys. 39 (2001)
9-29.
[13] A. Doliwa, S.V. Manakov, P.M. Santini, Partial derivative-reductions of the multidimensional quadrilateral
lattice. The multidimensional circular lattice, Commun. Math. Phys. 196 (1998) 1-18.
[14] A. Doliwa, M. Nieszporski, P.M. Santini, The integrable discretization of the Bianchi—Ernst system, Phys.
Lett. A, submitted for publication.
[15] A. Doliwa, P.M. Santini, Multidimensional quadrilateral lattices are integrable, Phys. Lett. A 233 (1997)
365-372.
[16] A. Doliwa, P.M. Santini, Geometry of discrete curves and lattices and integrable difference equations, in:
Discrete Integrable Geometry and Physics, Clarendon Press, Oxford, 1999.
[17] A. Doliwa, P.M. Santini, The symmetric, D-invariant and Egorov reductions of the quadrilateral lattice, J.
Geom. Phys. 36 (2000) 60-102.
[18] A. Doliwa, P.M. Santini, M. Manas, Transformations of quadrilateral lattices, J. Math. Phys. 41 (2000)
944-990.
[19] L.P. Eisenhart, Transformations of Surfaces, Princeton University Press, Princeton, NJ, 1923.
[20] F.J. Ernst, New formulation of the axially symmetric gravitational field problem, Phys. Rev. 167 (1968)
1175-1178.
[21] E.V. Ferapontov, Stationary Veselov—Novikov equation and isothermally asymptotic surfaces in projective
differential geometry, Diff. Geom. Appl. 11 (1999) 117-128 .
[22] S.P. Finikov, Theory of Congruences, Gostekhizdat, Moscow/Leningrad, 1950 (in Russian).
[23] G. Fubini, Su una classe di congruer¥edi caractere proiettiva, Rend. Lincei 251 (5) (1916) 144-148.
[24] G. Fubini, E.Cech, Geometria Proiettiva Differenziale, Zanichelli, Bologna, 1926.
[25] P.G. Grinevich, M. Schmidt, Conformal invariant functionals of immersions of tori into R3, J. Geom. Phys.
26 (1998) 51-78.



276 M. Nieszporski/Journal of Geometry and Physics 40 (2002) 259-276

[26] C. Guichard, Détermination des congruences telles que les lignes asymptotiques se correspondent sur les
deux nappes de la surface focale, CR 110 (1890) 126—127.

[27] H. Jonas, Uber die Konstruktion déf-Kongruenzen zu einem gegebenen Brennflichenmantel und iber die
Transformation deR-Flachen, J. Deutsch. Math. Ver. 29 (1920) 40-74.

[28] H. Jonas, Uber eine Klasse von Fliachen die ein Gegenstiick zu den von Demoulin und Tzitzeica betrachteten
R-Flachen bilden, Sitzber. Berl. Math. Ges. 19 (1921) 18-30.

[29] H. Jonas, Sopra una classe di transformazioni asintotiche, applicabili in particolare alle superficie la cui
curvature e proporzionale alla quarta potenza della distanza del piano tangente ad un punto fisso, Ann. Mat.
30 (3) (1921) 223-255.

[30] B.G. Konopelchenko, U. Pinkall, Integrable deformations of affine surfaces via the Nizhnik—Veselov—
Novikov equation, Phys. Lett. A 245 (1998) 239-245.

[31] B.G. Konopelchenko, U. Pinkall, Projective generalizations of Lelieuvre’s formula, Geom. Dedicata 79
(2000) 81-99.

[32] B.G. Konopelchenko, W.K. Schief, Three-dimensional integrable lattices in Euclidean spaces: conjugacy and
orthogonality, P.R. Soc. London A 454 (1998) 3075-3104.

[33] D. Korotkin, On some integrable cases in surface theory, Sfb 288, Preprint No. 116, Berlin, 1994.

[34] M. Lelieuvre, Sur les lignes asymptotiques et leur représentation sphérique, Bull. Sci. Math. 12 (1888)
126-128.

[35] D. Levi, A. Sym, Integrable systems describing surfaces of non-constant curvature, Phys. Lett. A 149 (1990)
381-387.

[36] M. Manas, A. Doliwa, P.M. Santini, Darboux transformations for multidimensional quadrilateral lattices, 1,
Phys. Lett. A 232 (1997) 99-105.

[37] S. Matsutani, Dirac operator on a conformal surface immersed in R-4: a way to further generalized Weierstrass
equation, Rev. Math. Phys. 12 (2000) 431-444.

[38] Th.-F. Moutard, Sur la construction des équations de la fafiye) (%z/9x9y) = A(x, y), qui admettent
une integrale général explicite, J. Ec. Pol. 45 (1878) 1.

[39] M. Nieszporski, The multicomponent Ernst equation and the Moutard transformation, Phys. Lett. A 272
(2000) 74-79.

[40] J.J.C. Nimmo, W.K. Schief, Superposition principles associated with the Moutard transformation: an
integrable discretization of @ + 1)-dimensional sine-Gordon system, Proc. R. Soc. London A 453 (1997)
255-279.

[41] E. Ragazzi, Sopra una classe di transformazioni delle superficie isotermo-assintotiche (asymptotiche) ed il
relativo teorema di permutabilita, Rend. Palermo 45 (1921) 200-210.

[42] R. Sauer, Differenzengeometrie, Springer, Berlin, 1970.

[43] W.K. Schief, C. Rogers, M.E. Johnston, On hyperbolic surfaces: moving triad and Loewner system
connections, Solitons and Fractals 5 (1995) 25-34.

[44] W.K. Schief, Self-dual Einstein spaces via a permutability theorem for the Tzitzeica equation, Phys. Lett. A
223 (1996) 55-62.

[45] W.K. Schief, Self-dual Einstein spaces and a discrete Tzitzeica equation. A permutability theorem link,
in: Proceedings of the Symmetries and Integrability of Difference Equations, Cambridge University Press,
Cambridge, 1999.

[46] I.A. Taimanov, Finite-gap solutions of the modified Novikov—\Veselov equations: their spectral properties and
applications, Siberian Math. J. 40 (1999) 1146-1156.

[47] J. Tafel, Surfaces i®3 with prescribed curvature, J. Geom. Phys. 17 (1995) 381-390.

[48] K. Yamagishi, A note on modified Veselov—Novikov hierarchy, Phys. Lett. B 454 (1999) 31-37.

[49] V.E. Zakharov, Description of the-orthogonal curvilinear coordinate systems and Hamiltonian integrable
systems of hydrodynamic type. I: Integration of the Lame equations, Duke Math. J. 94 (1998) 103-139.

[50] V.E. Zakharov, S.V. Manakov, On reduction in systems integrable by method of inverse problem dispersion,
Dokl. Akad. Nauk. 360 (1998) 324-327.

[51] C. Guichard, Sur une classe particuliere de congruences de droites, CR 112 (1891) 1424-1426.



